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ABSTRACT

The main result in this paper is the explicit computation of the functional
equation satisfied by the GL(3) Mellin transform of a twisted non-cuspidal
metaplectic form of non-trivial level. For concreteness, we work with one
particular metaplectic form, automorphic under T'(3), although our meth-
ods extend without change to any form automorphic with respect to I'(p),
p an odd prime. We clearly show the computations one must undertake in
order to determine the pole locations of this transform (which depend on
the form in question), and carry out those straightforward computations
in the case of our one specific form.

This particular form, first considered by Bump and.Hoffstein [BH], is
the maximal parabolic Eisenstein series on the cubic cover of GL(3) (in-
duced from the theta function on the cubic cover of GL(2)), which has
the remarkable property that its Fourier coeflicients are essentially Hecke
cubic L-series. In joint work with Hoffstein, the authors have applied the
main theorems in this paper to compute the average values of these Hecke
cubic L-series, a result of great arithmetic interest.
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1. Introduction and statement of the main theorems

Let ¢ denote the automorphic form constructed by Bump and Hoffstein {BH],
which has the property that for n cubefree the arithmetic part of the Fourier
coefficients of ¢ satisfies

’

ay, :53—| n2 VL35 — 1, xp2) L(3s — 1,x1) 7!

where X,z is the cubic residue character mod n2. Our motivating application is
the problem of obtaining average value estimates for the cubic L-series. We will
approach this problem in two ways: (1) by trying to obtain a functional equation
which can be exploited to yield information about L-series of the shape

(1.1)

a1,n T,u s -1 'n|2(s—1)L(%5 - laXn2)
n__ 238351
Z N(n)“’ 9 2 (28 7X1) z N(n)“’

n squarefree n squarefree

1. u -
:53121[4(%3—1,)(1) 1 Z

n squarefree

L(-QS 1 an)
N n)w s+1

and translating analytic information about the behavior of (1.1) in the variable
w (in terms of s) back into analytic information about the behavior of the cubic
L-series; and (2) by constructing a Mellin transform (of an untwisted Eisenstein
series) which can be used to construct a series similar to (1.1) but without the
restriction that we sum over only squarefree indices.

In this paper we will make a major step towards the construction of (1.1), and
complete the second objective entirely. We will obtain information about the
analytic properties of the related Dirichlet series

(1.2) ( ) Z N< )u); ale: = En: - gv‘%,?)z'lyn’

where w' is just w — s + 1, and where we have supressed the dependence on
s in our L-series notation. Our information will be in the shape of an explicit
function equation, which reflects the series (1.2) into a sum of L-series of a related

metaplectic form evaluated at various cusps. Once this evaluation is complete, a
simple weighted sum of the series (1.2) as u and g vary will produce the desired
Dirichlet series.

If we specialize to the untwisted case p = 0,q = 1, then we also obtain the un-
twisted Mellin transform mentioned above. This somewhat simpler construction
has already been applied by Jeffrey Hoffstein and the authors [FHL] to obtain
arithmetic results, cf. Remark 1, below.
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The twisted Dirichlet series (1.2) may in fact be realized as a double Mellin
transform; this is how we will proceed. In particular, we will prove below that

s 1 p/q yt
///Zqﬁl,n 1 xyt t y2“’tzdmﬁd—y
00 ty
= G(w,z)L(w,u/q)
where (ns/a)
a1 ne\ni/q
Llw,p/q) = )  —=—o—
(o) = 32 AT

and

G(w, z) = (2m)"2w—=2

r (21112—0,) r (2w2—b> r <2w2—c> r (2—2w2-I—z—-a) r (2—2w2+z—b) r (2—2w2+z—c> |

qar (2 - 2w+ 2)

X

(Here, a, b, and ¢ are functions of s, which we compute explicitly in the proof
of Proposition 1.) In order to state our main results, we first suppose (without
any loss of generality) that p and ¢ are relatively prime. We then have two main
results concerning (1.2). They are subtlely different, according as to whether
g = 0 mod 3 or not. Throughout this paper, whenever we must distinguish
between these two cases, we will exhibit (and, where illuminating, prove) two
analogous results, using the naming convention “Result nA” when ¢ is congruent
to a root of unity mod 3, and “Result nB” when ¢ = 0 mod 3. We have left the
functional equations unspecialized (to the Bump-Hoffstein form), although the
pole locations are specialized to this one specific form, cf. Remark 0.

Some mnotation: We write O for the ring of integers of Q(v/—3). The sum
>, denotes a sum over n € A~>0, and Nn denotes the norm of n € 0. We
put A = /=3, the different of O, and we set V = 33'/% =volume(C/A\0). The
notation ¢, m and ¢%, for the Fourier coeflicients of ¢, and w, for elements of
the Weyl group, are as in [B], [BH] and [BHZ2].

MAIN THEOREM A: Suppose q is equivalent to a root of unity mod 3, and §
is the root of unity so that gqg = 1 mod 3. Without loss of generality, we may
assume p = 0 mod 3. Then L(w, j1/q) converges for w with real part sufficiently

large, and has a meromorphic continuation to all w with (possible) poles only

at the locations w = s—1, w = s, and w = % - %s. Recalling the definition of

01,n, this means that (1.2) has poles at w' =0, w’ =1, and v’ = § — (35— 1).
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Further, let 1(r) denote the automorphic form defined by ¥(1) = ¢(w4r), and
let 1’ be defined as in Lemma 4A, below, and p and B defined as in the proof of
Lemma 6A, below. (In particular, i’ depends on p in a fixed way, and p and B
depend on the index a, below, in a fixed way.) Let k, denote a cube root of unity,
depending on a in a fixed way (it is the image of the Kubota homomorphism on
the coset depending on a, cf. Lemma 6A). Finally, let r = (a, A\3q)/)3. Then we
have the functional equation

agy’ — nB(a,\%)
G(’U),Z) ('LU /J'/q VN(/\5 3) Z <_ /\3(1 Ka
a€O/A8q¢?
i ry/q’
X // t/’l‘ y——2w z(it dy
0 o n#O 1 y

MAIN THEOREM B: Suppose ¢ = 0 mod 3, y is equivalent to a root of unity mod
3, and T is the root of unity so that pji = 1 mod 3. Then L(w, u/q) converges
for w with real part sufficiently large, and has a meromorphic continuation to all
w with (possible) poles only at the locationsw = s—1 and w = % — %s. Further,
let ¥(7) denote the automorphic form defined by ¥(7) = $(wsT), and let ' be
defined as in Lemma 4B, below, and p and B defined as in the proof of Lemma
6B, below. (In particular, ' depends on p in a fixed way, and p and B depend on
the index a, below, in a fixed way.) Let k, denote a cube root of unity, depending
on a in a fixed way (it is the image of the Kubota homomorphism on the coset
depending on a, c¢f. Lemma 6B). Finally, let r = (a, A3q)/X3. Then we have the

functional equation

1 yTITE nB(a,)\sq)
G(w, z)L{w, u/q) = VNOSE) 602/25 26 (‘ 3¢ )Ka

®® ry/q° dt dy
% // t/'f‘ y-—Ew z" t
o o n#0 1 Y

Remark 0: OQur theorems simplify considerably in the case of a form of level
1. In particular, in this case 9 is automorphic for the full modular group, so
if we suppose (for this paragraph only) that ¢ is a cusp form of trivial level
automorphic with respect to the full group over the rational integers and that
q is prime, we obtain the much simpler (single, since both ¥’s are the same!)

functional equation

G(w)L(w, 1/q) = ¢* =3 Z _S____MTL g Z Agn n G

ol ~e0 e
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where @, are the coefficients of ci, where G is the Mellin transform of the
Whittaker function of ¢, and where S is the classical Kloostermann sum.

Remark 1: Theorem A, specialized to the case where p = 0, ¢ = 0, and some
straightforward analytic number theory yields the following result. This is the
first non-trivial estimate of the average values of L-series of higher order residue
symbols.

THeoREM ([FHL, Main Theorem)): There exist non-zero constants c¢i(p) and
c2(p) such that

Z L*(0,%,) = c1(0) X + ca(p) X437 1 0 (X9(p)+e) ,
nefgo
N{n)<X

where 8(p) is the function

74 2p ~ 2p*

2B 1) 3 <R(p) <1
R I T R
—m—a 3= (p) <3

and L*(p,X,,) is the Fourier coefficient a1, evaluated at s = %(p + 1).

For a discussion of the interpretation of this theorem, and generalizations, we
refer the reader to [FHL].

Remark 2: Main Theorems A and B cover seven of the nine congruence classes
mod 3. By constructing a weighted sum of the Dirichlet series twisted by char-
acters falling into these seven congruence classes, we may obtain a series which
(in each term) differs from (1.1) by a power of 3, and reflects via the functional
equation into a scattered sum of Mellin transforms of related automorphic forms.
Theorems A and B may then be used to obtain a result similar to that mentioned
in Remark 1, but with an index of summation containing only squarefree indices,
cf. [FHL, Remark 1}.

2. The functional equation and meromorphic continuation

In this section we establish the functional equation and meromorphic continuation
of our desired L-series (1.2). We begin by exhibiting a double Mellin transform
which we may evaluate directly, and is equal to our (1.2) times a certain explicit
gamma factor.
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PROPOSITION 1:

TF 1 u/q yt gt d
0/0// 1 1 ty
= G(w, 2) L(w, pu/q)

where

L)) =3 9#@
n#0

and

G(w,2) = (27r)—2“’_2_2

r (2w2—a) r (2w2—b> r (2w2—c> r (2—2w2+z—a> r (2—2w2+z—b) T (2-—2w2+z—c> |

AT (2 - 2w+ %)

X

Proof: Write F(w,z) for the left side of the Lemma, and put W(r) =
Wl(jll"’”)(T). We have

o0 0o ¢
- al,ne(nﬂ/Q)///W ?;It t y2w—2tzd$(_izgg
(Nn)v 1 ty
0 0 C

for some function G(w, 2), the triple transform of the Whittaker function.
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We turn now to the evaluation of G(w, z). Put A = /14 |z|2. Then

yt yt A"t TAT
Wzt ¢t =W xt ¢ —zAY A7E
1 1 1
1 TyA—? ytA~!
=W 1 tA
1 1
ytA~?
=e (TYyA™) W tA :
1

Thus

o 00 ytA—l
G(w,z) = w tA e (ByA~?) y* 7 dx dt dy
ty
00 C 1

oo 0o yt
://W< t >y2w—2tz/ (:Cy)A4w z— 4d dtdy
ty
00 1

C
Write I(y, —2w + 3z + 2) for the integral on z above. Since
e(u + iv) = exp(dmiu)

we have

d
1+u2+ 2)v ([t u? + o2y

8\8

I(yﬂ/)z/oo

o0
47rwy 1
= | ———du | ———d
/ (1+a2)7 “/(1+v2>v ’
—o0

— 00

_ (27r)uyu—1

F(V) KV—1(47Ty)'

297

We used Euler’s Beta-integral and [GR, 6.576.4] for the last step (cf. [B, Ch.X]).
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This brings us to
G(w, z)

(2) 2w+ 542 77 1,20t dy
= w t K _guiz41(dmy)y? =i —
(- 2w+ 2 +2) s 1 ty

00 oo

(271’ —2w+2+2 // - dtdy
= Ko po(dnt, dny) K o, dmy)(t2y) 2t ==
32F( 2w+ +2 0 / abc 0 'Ky) 2w+3 +1( Wy)( y) t y

2 2w+3—4 —2w—z—1 TF 9 z+1dtdy
Kape(t, y)K_ Pyt o
iy // e DK -zs 5 ()P T

:(271’) —2w—z—-2

r (2w2—a> T (2w2—b) r (mz—c) r (2—2w2+z—a> T (2—2w2+z—6> T (2—2w2+z—c> |

4r (2 — 2w + £)

X

The last step, and the notation (of a, b, and c), are from (1.2) of [B2]. In the
case of a GL(3,C) Eisentein series with parameters vy, 2, we have

a=—vi—205+2, b=-vi+vy, and c=2v;+vo—2
{cf. [BF]). The parameters of the Bump-Hoflstein form are
mn=s—4/9 and vy =28/9

(see [BH] for details).

Now we exhibit the analytic continuation of L{w, u/q). This is accomplished
by splitting up the integral (2.1) into pieces we can manage directly. Recall the
fundamental relationship:

Y b1alr) = (1) = d10(7),

n#0
where ¢, », satisfies
1 Ty I3
Dmn 1 2 | 7] =e(mzy +nz2)dm n(7)-
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We may decompose the domain of integration in (2.1) into two pieces, and
further rewrite the integrand using the difference above, to obtain

i 1 u/q yt d
t d
///Zd)l’" 1 zyt t yzwtzdac—t-—y
15 & o 1 1 y
1 oo 1
u/q yt dtd
+///q5(1) 1 zyt t y2wtzdx———y
1 1 by
D 0C
1
vt dt d
—///(;510 xyt t y2“’tzdx——E
1 ty
00 C
=L +1,— I,

say. The integrand in I; is of rapid-decay, so the integral is convergent for all
values of w. The integrals I3 and I3 converge for w sufficiently large because
each piece has polynomial growth as y — 0. We need only exhibit the analytic
continuation of I; and I3 to get the continuation of L(w, 1/q). The easier integral
is I, so we compute it first. The proof is deferred to later.

PROPOSITION 2: Ifr € A~30, then

1 —2s
¢ro(T) = ‘,28(7”531)1/1 s P Fy(s)I1(y, 9)

where
/ (&P +laP +)** (L VEPTEP
y1, l§2‘2+1 3 ) '£2l2+1

—6283 ,
e (yl W) déa,3;

- X (O)(G)rariarecreris,

o=y b

A=B=0(3)

d2|x3rC
and 7(-) is the coefficient of the cubic theta function studied by Patterson
[P1, P2], whose properties are summarized in (1.15) of [BH]. In particular,

t
///¢10 zyt t yzwtzdx——ﬂ
, . Ly
00 C

T

dt
= —F" It 3—s+z 2
Ve 1(3)(1()—3~}—1 (& —2s—3) /1 s}t t’
0

o0
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The last line of Proposition 3 provides the functional equation and meromor-
phic continuation of I3. To determine the functional equation and meromorphic
continuation of I, we require two key steps completely analogous to the two key
steps of Bump’s formulas on GL(3,R), [B, 8.5] and [B, 8.6]. In particular, we will
prove the following two lemmas, whose proofs we defer to the next section. These
two lemmas essentially yield Lemma 5, an expansion of the inner integrand in
.[2.

LEMMA 3:
1 u/q 1
/d)(l) 1 z 1 T |dz
2 1 1
B 1
CVN(XS¢%)

L op/a a/X¢*\ (1
> ‘/ /'¢ 1 z 1 ? 7 | e(—&)dzdg;.

a€0/Xa /34 ¢/3¢2 1

LEMMA 4A: Suppose (u,q) = 1 with 3|p and ¢ equivalent to a root of unity
mod 3. Let § denote the root of unity such that gqg = 1 mod 3. Choose d and 1/
so that 3|y’ and dqq — pu'q = 1. Then,

1 p/g a/X¢*\ [ yt

¢ 1 xyt t §
1 1

. 1 w/e\ [ 1/qay r/qq

=¢ |ws| ag/X3q 1 t &

1 q

LemMaA 4B: Suppose (i, q) = 1 with 3|q. Then p is equivalent to a root of unity
mod 3. Let @ denote the root of unity so that yg = 1 mod 3. Choose d and 1/
so that 3|d, ¢/ =1 mod 3, and —dgfi + 1/ i = 1. Then,

1 plg o/ [ yt

¢ 1 zyt t &
1 1
5 1 #/a\ (1/qny x/qn
= ¢ Wao aﬁ//\Bq 1 t §1

1 q
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LEMMA 5A: Suppose (u,q) = 1 with 3| and q equivalent to a root of unity
mod 3. With notation as above, we have

Fo )0 )

_ 1 _agy’
~ VN(X¢?) 2 e( /\3q>

acO/A5q2
~ 1 x 1 1/yqq*
/¢ wy 1 & || ag/Xg 1 t/q
(©)3)2 1 1 1
raq
X e (—q& + ?‘l) dzdés.

LEMMA 5B: Suppose (u,q) = 1 with 3|q and p is equivalent to a root of unity
mod 3. With notation as above, we have

1 p/q yt
/qé? 1 zyt dz
J 1 1
1 aﬁu’)
= 5,3 Z € (_ 3
VN(/\ q ) aEO/)\qu A q
i 1 z 1 1/ynq®
[o{ml 1oa)|amre tq
(©)3)2 1 1 1
zap
X e (-q& + —/\f,fi> dzdgy.

Remark: The proof of Lemma 5B is completely analogous to that of Lemma
5A. We include below only the proof of Lemma 5A.

Proof of Lemma 5A: Write I¢ for the left side of Lemma 5A. Combining
Lemmas 3 and 4A gives

1
Ic = VN(5g) Z

a€O/A5¢?
: i wig\ [1/qqy r/qq
/ b wa | ag/¥g 1 b6 || e(~&)dedes.

C/3q C/3q2 1 q
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It is easy to verify that

1 wig\ {1/qqy ©/qq
aZj//\Sq 1 t El =
1 q
1 R 1 1/yqq
k =713
1 §q_1 + 35 ag/Xq 1 t
1 1 q

Inserting this into the above equation and making the change of variables §; —
g1 — za/X3¢® and = — Gg’z — 1/'qq finishes the proof of Lemma 5.

We now introduce the notation ¥(7), which we will use interchangeably for the
two automorphic forms defined by 9(7) = ¢(w47) and (1) = ¢(w,7). We use the
first definition when discussing Main Theorem A, and the second when discussing
Main Theorem B. In particular, we will use the notation (1) = $(wyr) for the
following discussion and what follows, until we have completed the proof of Main
Theorem A. We will also restrict ourselves to the case when q is congruent to a
root of unity mod 3, and 3|, until the proof of Main Theorem A is complete.

Since I'(3) is normal in I'(1), ¢ is again an automorphic form, and has an

expansion into terms of the form

A B
.11 C D 7], meA?0,ne ) 50,4,B,C,D e 0,AD — BC =1,
1

where p depends on A, B,C, D and ¢4, ,,(7) satisfies

1 To9 I3
(2.2) fn 1z | 7 =e(may +nz2)Ph, (7).
1

See [BH2] for details.

The next step is to replace 1 by its Fourier expansion. Most of the terms in
the Fourier expansion of 1) will not contribute to the integral on the right hand
side of Lemma 5. Indeed, the contribution of a given term is just

(2.3)

A B 1 T 1 1/yqq*
ma || € D 1 & || ag/¥q 1 t/q
1 1 1 1

(€/3)?

zag

X e (—qél + e ) dzdg;.
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LEMMA 6A: Under the hypotheses of Lemma 5A, the integral (2.3) is zero except

possibly when
= (a,X%q)/ X,

C= _a(j/(av /\3Q),
D = Xq/(a, )3q).

In particular,

1 u/q yt
(2.4) /Z¢1v" ( 1 ) zyt t )) dx
L 1 1

1 agu’ — nB (a,\3q) r/yg’
=N 2 e( ) -2V ( G

a€O/A5q?

where 7 = (a,X3q)/A\? and AX3q + Bag = (a,\3q), and p depends on a, g,
and B.

Proof: First note that

A B 1 z 1 Az+B&\ (A B
1 1 1 1

and thus (2.3) is equal to

A B 1 l/yﬁq2
/ e llc b Y| a1 t/g
(C/3)2 1 1 1

e ((mD —q) &+ (mC + )\3> a:> dzdf;.

The integral above will be zero unless mD = q and mC = —ag/A3. Recall also
that m € A720, and C,D € O, and that (C,D) = 1. This means D|A3q. Fix
such a D. Then m = ¢/D and so

a

——D
_agD _ _(a,X%q)

Agq 1 Ng
(a, X3q)

It is clear that a/(a, \3q) and A3q/(a, A3q) are relatively prime, and since C € O,
we must therefore have A\3q/(a, \3q) divides D. (Recall that g is a root of unity!)
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On the other hand, since (C, D) = 1, and since a/(a, \*q) € O, we must also
have D divides A3q/(a, A3q). Thus we obtain a non-zero contribution only when
D = X3g/(a, A3q), which implies m = ¢/D = (a,A3q}/33, and C = —aD /X3 =
~a/(a, A3q), as claimed.

Now choose A, B such that

AX3q + Bag = (a, X3q).

Then
A B 1
—ag/{a,X3q) Aq/(a,\*q) ag/X3q 1
1 1
1 B(a,)%q)/Aq (a,X3q)/ X3¢
= 1 Aq/(a, Xq)
1 1

Replace 9 by its Fourier expansion, omit those terms which we have shown to be
zero, apply the above formula to the remaining terms, and use (2.2) to get the last
statement in Lemma 6A. The Kubota symbol, k,, appearing in the statement of
the Lemma, comes from the Fourier expansion, cf. [BH2, (1.7)]. As we do not
explicitly compute the Fourier coefficients of ¢ at the various cusps in this paper,
there is no reason to further evaluate this Kubota symbol.

We are now able to compute the poles of the integral I which we defined in
the discussion following Lemma 3. The individual Fourier coefficients in (2.4)
with mn # 0 are of rapid decay in y as y — 0 so the partial Mellin transforms of
these terms are entire in w. The poles arise from the partial Mellin transforms
of the terms

r/yg®
(2.5) f,o t/r
1

The multiplicity one theorem implies that 7 ;(7) is a constant multiple of 1,0},0(7'),
and so the pole locations of the partial Mellin transforms of (2.5) are at most the
same as the pole locations of the partial Mellin transforms of

r/yg®
wr,O t/ r
1

(Cancellation could occur in the calculation of the residues contributed by the
various terms.)
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PROPOSITION 7A: Ifr € A730, then

ro(7) =7(=r)e(rzy )y 2 K (4 lr|y)
7_s 8_
+e(ra) Fa(s)r= 3730y "2y T Ky s (drlriy)

CIOE S ;3_2 > 5 (5)(6)eraratizret.

3) 3) B#0 A.C(B)
d=(A,B)

PROPOSITION TB: Ifr € A730, then

Pro(r) =e(rz) Fa(s)r~ 5 H35y5 T2y T Ky s (amirlyn)

Fz<s>:4(_vgsi2fﬁf3ti~ > % (4)(5)raonatior=.

Cc=1(3) pAB(Q)

We wish to compute the poles of

P 7 r/yg’
dtd
(2.6) //1/1,70 t/r Y n ¥,
Y
00 1

The matrix in the integrand of (2.6) has Iwasawa coordinates z; = 0, y; = t/r,
and y» = r%/ytq®. Applying Proposition 7A, we see that we actually want to
compute the pole locations of

//[ tl s 3s 1y—2s —GSK (47Tt)

+ F2(S)t—1/3—s/2ys—-8/3r4/3q3$—8K% dt dy

ty’
We obtain poles at w = s, and w = 4/3 — s/2. Recall that I3 also had a pole

at w = s — 1. Recall now the Remark at the beginning of this section. These
three poles are the poles of the Dirichlet series

-1 an
Z N w s+1
If we set w' = w — s+ 1, then we have poles at w’ = 1, 7/3 — 35/2, and 0, as
desired! This is precisely the first assertion of Main Theorem A. Main Theorem

B is similar, except (cf. Lemma 7B) we do not get a pole at w = 5. We now
prove the second assertion in Main Theorem A.

(amt) | y2vtr =

_5
$—3
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THEOREM 8A: Suppose q is equivalent to a root of unity mod 3. Using notation
as above, we have the functional equation

7T ry/q
x// ve t/r y_2wtzdmflt—t—d—y.
00

The equality is meant in the sense of analytic continuation.

Theorem 8A follows from Lemma 6A and this observation: suppose f(y) is a
linear combination of powers of y and let

1 00
falw) = [ ol ay and fulw) = [ Fwrdy,
0 1
initially defined for large and small w, respectively. Then the functions fy and
foo are meromorphic on C, and fy = —fwo.
The term

yt
/ ¢1,0 .’Byt t dx
c 1

is a linear combination of powers of y, so the above observation applies. A similar
statement holds for 9, g. This is essentially the reason that no n = 0 terms appear
in Theorem 8A.

Proof of Theorem 8A: Express the equation in Lemma 6A as

(2.7) Z.fn(%t) :Zgn(y_lvt)'
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We have

o0 1 oo

dy dt dy dt

+ /gO( ,t) —thz y?—//fO( ,t) 2wtz y_t_
0 0 0

The first two integrals converge for all w, and by Propositions 2 and TA the
second two converge for w large, and have meromorphic continuation to all of C.
Next we have, again by (2.7),

t —2wz
//E 9n(y,1) t*— sy
0 0

n#0

0o 0O 1
d dt

=// gn(y, t)y “2“’t" y +/

10 0 n

n# 0

i dy dt
/Zgn(y,t 2o

y t
]

1 o©
o, dy dt
—//go(y,t)y 20z SV 2
y t

0 0
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TT dydt [

=// gn(y,t)y‘Q“’t‘—y—Jr/
y t

1 0 1

¥ dy dt
/ 3 fuly, e
0

n#0 n Yy t
P 7 dyd
—L2WyZ t
(2.9) —//go(y,t)y 2wz W3
y t
0 0
TT dydt [ [ dy dt
= [ [Soatwtwze2Gs [ [E nwore 2T
1 0 n#0 y 1 o n#0

The first two integrals converge for all w, and by Propositions 2 and 7A the
second two converge for w sufficiently small, and have meromorphic continuation
to all C. By the remarks preceding this proof, the continuation of the right side
of (2.8) equals the continuation of the right side of (2.9). This completes the
proof of Theorem 84, and so that of Main Theorem A.

We now finish the proof of Main Theorem B. To begin, we now set the notation
¥(7) = ¢(wsT), and continue our previous work, beginning at the end of Lemma,
5B. We now restrict ourselves to the case where 3|¢ and g is congruent to a root
of unity mod 3. Again, 1 has a Fourier expansion; in this case the contribution
of an individual term is just

(2.9)
A B 1 z 1 1/ygq?
Vhn C D 1 & || am/X3q 1 t/q
<oy 1 1 1 1

( g6 + e )dwdfl

The following Lemma is proved exactly as is Lemma 6A. We do not include
the proof here.
LEMMA 6B: The integral {2.9) is zero except in the case when
= (a,X°q)/X°,
C = —ap/(a, Nq),
D = \3q/(a, X3q).
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Remark: Again, we will assume that A and B are chosen so that
AX3q + Bag = (a, X3q).

The functional equation is given by the following Theorem. Its proof is identical
to the proof of Theorem 8A; we do not include the proof here.

THEOREM 8B: Using notation as above, we have the functional equation

1 p/q yt gt
///Z¢1n 1 xyt t y2“’tzdac7d~y
)

n#£0 1 1
1 apy’ — nB(a, )\3q)>
= 5,3 Z € <_ 3 Ra
VN(Aq )a€C)/)\5q2 Mg
T /4" dt d
x//zw t/r y’zwtzd:c}——y.
n#0 1 y

This completes the proofs of Main Theorem A and Main Theorem B.

3. The deferred proofs
We now exhibit the deferred proofs.
Proof of Proposition 2:  This proof closely follows Section 4 of [BH]. We compute:

1 z9 x3 Y1Y2
bro(T) = dro 1 = Y1
1 1

Y1y2
= e(rz1)¢ro Y1
1

1 & & Y1y2
- e(IT/a;l) ¢ (( 1 1) ( Y1 )) e(—r&1)dé123
{c/3y 1 1

1 & & Y1Y2
%L)///Es wy 1 €11 (O e(—ré1)d€1 2,3

I

(c/3p 1
1 & & Y1Y2
e(rz
= (Vgl) /// Y. @) | gun L& %
(/33 9:[AB.Ch 1 1

x e(—ré1)dé1 2,3
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where we have introduced the notation g : [4,B,C]; to indicate a sum over
matrices g with invariants (A, B,C, —pA, —qA,d) such that (A,B,C) =1,C =
1(3), A= B=00),d=(B,C)=1(3), b = B/d, ¢c = C/d, and pc+ gb =
1. (We also have, by abuse of notation, written dé; ;3 for d§1déd€s. We will
continue these notations throughout the remainder of this paper.) This exactly
corresponds to summing over g € I'p(3)\I'(3), where the bottom row of g, ‘g, is
(A B C), (—pA —qA d), respectively. From [BH (1.5)], we have

B d-! 1 B/C A/C 1 {2 63
(5 e )( 1 qA/d)( ; gl)
C 1 1
ny2
X ( Y1 ))6(—7&)5&,2,3
1

d-! 1 &+ B/C &+ A/C
.///15( e w 1 :
C 1
ny2
X ( Y1 ))6(—7"51)(161,2,3-
1
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We can let A and B run mod C, completing the integrals on & and &3, giving

brom =T Y ()( Jetra/a

C= ]() A,BmodC
(A,B,C)=1
A=B=0(3)

d-! 1 & & Y2
] /IS( e Ju| 16 )
C/3C C c 1 1

x e(—r€)dEr23.

Now,

and as in [BH, p.497]

1 6 0 1 & & Y1Y2
1 0 Wy 1 0 U1
1 1 1
1 &+& &Y\ [viys
1 g Y1
1 1

has coordinates

where
1
yll = P—leyl’
= Q"lP%yZ,
f; = _E2E3Q_1a
=|&I° + &P yi +vivd,
= [&* + 3.
-1
* Using these new coordinates, the left invariance of I under wy 1 ,
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and the definition of I, we get

br0(T)
X X ()G)ema

e(ml
(A.B.C)=1

A B=0(3)

d/C 1 &+& &\ (v
.///IS( - g y )
C C /3 C 1 1

x e(—ré1)d1,2,3
- e(:/?) S Y (g) (%)e(rqA/d)

C=1(3) ABmodC

(ABC) 1
=B=0(3)
/// ,2 ’/03 (y§d2/|(]| (& +€§1)d2/|0|)6(-%1)(1&,2,3.
T C/3

Inserting the Fourier expansion of 6, we get a contribution only if d*u/C = r,
that is, u = rC/d? € (\~3). So,

o) =22 55 (2 (§)etrarsarnire) ) e

(1+3s

A,BmodC
C=1(3) (A Bmg) 1
=B=0(3)
d2|A3rC

/ (11%08) " vy (o) el )

(‘3\

('b
—~~
=3

””Fl ) [ [ (876) vy Camlrly) el)das,
C C

say. To complete the proof, substitute the definitions of ¥}, 5, and &, and
change variables & + Y€y, &3 — Y1263,
Note: The above integral equals

(&s]2 + [62[20? +9302) 22
/
1E2]? + v3

‘K, (m\ \/15312+a<2|2y1+y1y2)8( ~&its ) dens

16212 + v3 €212 +
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yt
To complete the lemma, we note that | zyt t has coordinates
1
h = tAa
Y2 = y/A27

T =0,

where A = /1 + |z|?y2. Substituting into the above equation and changing
variables z — z/y, t — t/A, we get

1 [oe]
_ 1 2w—2s+2 Y 1 a—stz db
ls = Wms)o/ R R e R

Explicitly evaluating the first two integrals leads to the given result.

Proof of Lemma 3: The proof will take several steps. We proceed directly
through the computation, proving the necessary lemmas as needed.
The first step is merely notational. Let
1 p/q
(3.0) G(r)=¢ 1 T
1
Since ¢ is automorphic under I'(3), it follows easily that
1 N3
G 1 gnq | 7| =G(n),
1
for all ny,ng € 30. If M € Z, then the characters of C which are trivial on
MO are exactly those of the form 1(a) = e(ma) with m € (AM)~10, so this set
parametrizes the characters of the group C/MO. Putting M = 3 = —)? gives
the Fourier expansion
Gr)= Y, G,
ny1,n3eX"30

where

&3
GZ?(T)ZVQ“}V@/ /G 1 511 T 6(“%51—71353) d€y 3.

C/3C/3q

Note that the definition of G32(7) is not completely analogous to that of ¢7:3(7).
The notation involving G is local to this Lemma and should not cause any
confusion.
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1 p/q
¢ 1 T :Gg(’?').
1

LEMMA:

Proof: We compute:

1 €3 1 u/q
1 & 1 7| e(=&1)déi3
1 1
1 1 op/g &
=75 ¢ L &7 )e(=&)d6s
€/3¢/3 1

1 p/q 1 £3—&ip/q
1 1 &1 T 6(“51)6151,3
1 1

1 1 &
:W/ /G ( 1 ?)T) e(—&1)dé1 3
V2N(q // (( ! &) ) A
C/3C/3q

=Gy(7),

as claimed.

Now we begin the calculation. Write I(7, pt/q) for the left side of the lemma.
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We have
1
I(T,/,L/q)I/Gg z 1 7 ) dx
C 1
1
= / Gg z+3mg* 1 7| dz

mGOC/S 2 1

(3.1) !

Only the last step is unclear. It follows from this

LEMMA: If m € O then

1
(( )( it 1 )) -
C/3C/3q 1
1 u/q 1 &
mg® 1 & | 7] e(=&)dés
C/3C/3q 1
mg® 1 1 & —mg®s |7
C/3C/3q 1 1

x e(—¢€1)d€1 3
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1+ pmg —pPm 1 p/q 1 &
://¢ mg®  1-—pmg 1 L & |7
C/3C/3q 1 1 1

x e(—& — mg*&3)dér 3

1 u/q 1 &
:/ /¢ 1 1 & | 7| e(~& —mg’&s)dérs
C/3C/3q 1 1

// ! 51 7 | e(=61 ~ mg*€s)dér s |

C/3C/3¢q
= V2N(q)GI (7).
For the fifth equality we used the automorphy of ¢ under I'(3); this requires

m € 30. The other equalities are clear, proving the lemma.
For the next step we will replace the sum of Ggqu (T) by a sum of G7(7).

Suppose m € A"1O. Then y(a) = e (/\3&(12(1) is a character of O/)\°¢?, which is
trivial only if m € A\2¢?0 = 3¢?0. Thus,

m N(X¢%), ifm € 340,
Z € )\3q2a = 0, 4

otherwise.
acOTAS g2 therwise

It follows easily from the definition that

1 €3 n
(3.2) el (( 1 51) 7) =e (—& + m&) G (1),
1 q

so we have
1 a/N3q? .
33) Y, > 6y 1 T =N Y GITm(r)
a€O/A5q2 mer—30 1 meo

Combining (3.1) and (3.3) we get
(3.4)

1 1 a/X3q?
q a€0/A5q? C/3¢2 meA—30 1

Now Lemma 2 follows immediately from (3.4) and the following
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LEMMA:
1 1
ma(7) = 1 - :
Y )=y [ © 6 | 7| e-cas
TL3€A O (C/?)q
Proof: We compute:
1
[ell 1 alr)eems
C/3q 1
1
-/ ¥ em{| 1 a)r]aam
C/Sq nl,nge/\“30 1

:/ S amne (%&—&) dé,

C/3q n1,m3€EAT30

=VN@) Y GE().
(@]

nyEX~3

The first step is just the Fourier expansion of G{7), the second used (3.2), and the
third follows because we are integrating a nontrivial character unless n;/q = 1.
Combine (3.4), (3.0), and the above Lemma to finish the proof of Lemma 3.

Proof of Lemma 4A: By definition, ¢(r) = #(“7), so all we do is apply this
relation to the left side of the equation in the Lemma. The rest of the proof
involves using the automorphic properties of ¢ to put things in the appropriate
form. Write ¢(*) for the left side of the Lemma. First note that

yt -1 t =& —zyt 1
zyt £ L =11 1 -11.
1 -1 yt -1

Using this equation and then applying the involution we have

1 p/g a/X¢ -1\ [t —& —ayt
d(x) =¢ 1 1 1
1 -1 yt
Y1 ou/g a/X3¢*\ * -1\ Yt =& —zyt
=¢ 1 1 1

1 -1 yt



318 D. FARMER AND D. LIEMAN Isr. J. Math.
) 1 —a/\3¢? -1 1/y x
=¢ 1 —p/q 1 t &
1 -1 1
) 1 1/y T
=¢ |wy | —a/X3¢%* 1 t & .
—1/q 1 1

If v € I'(3) then ¢(wqayT) = P(wa7) because ¢, hence é, is invariant under
['(3), and I'(3) is a normal subgroup of I'(1). We use this to fix up the matrices
inside ¢. Choose p' and d as in the statement of the Lemma. Then,

d w
1 ) e T'(3),

1q qq

so we have

. d I 1 1/y T
d(x) = ¢ | wy 1 ) (LL//\P’q2 1 ) ( t & ))
pg a3/ \ —u/q 1 1

3 1/qq w\ 1]y T
=¢ { wy a//\?’q2 1 t &
q 1
5 1 Wi\ [1/qqy z/qg
=¢ | ws | ag/Aq 1 t & :
1 q

as claimed.

Proof of Lemma 4B: As in the proof of Lemma 4A, we may use the definition
#(1) = ¢(*7) to obtain (writing ¢(*) for the left side of the Lemma)

i 1/y T
¢(*):q~5 wy | —a/A3¢* 1 t &
—p/q 1 1
} a/Xq -1 0 1/y T
=l | w/ 1 t 611
-1

Choose ' and d as in the statement of the Lemma. Then,

1
( W d)er(a),
g uE
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so we have
i 1 a/Xq -1 0 1/y x
$(x)=¢ ( w d) ( 1/q 1)( t 61))
qi pp -1 1
a/X3q -1 1/y T
(1/@ ) : g))
qp 1
1 vla\ (gpy  z/qn
w2 aﬁ/)\?’q 1 t 51 y
1 q

Proof of Proposition 7A: We compute:

I
-

I
S

as desired.

V3 wa &1‘,0 (T)

_ 1 & & Y1y2 Yi1Tz I3
=///¢ Wy 1 & Y1 T e(—ré1)dé1 2,3
1

(c/3)° 1
- 1 & & ny2
Ze(ml)///¢ wy ( 1 51) ( Y1 ) e(—ré1)d€r12 3
(c]ajs 1 1
Y1 & &\ Yy
=€(T$1)///¢ “uwy ( 1 fl) ( Y1 )6(—7’51)(151,2,3
(©/3)° ! 1
1 & & Y1Yy2
ze(m1)///¢ ws ( 1 51) ( Yo ) e(ré2)dé12,3
(c/3)? 1 1
1 & & Y1y2
=€(T331)/// E;, (wz ( 1 §1) ( () )) e(ré2)d€1 23
(€/3)2 1 1

=e(rzy)

1 & & Y1y2
X /// Z r{9)1s (ng ( 1 51) ( Y2 )) e(ré2)d12,8
(C/3)3 g:[A,B,C] 1 1

= 6(7‘.’171) (X1 + X9+ X3) ,

say, where the last three terms come from the three cases described below. The
sum g : [A, B,C] is over g € Tp(3)\I'(3), with (A B C) the bottom row of g. The
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integers A, B, C satisfy (A4,B,C) = 1, 3|(A, B), and C = 1(3). This specifies
the coset of g, but not the specific matrix g. Our method of choosing g depends
on which of A, B, C are nonzero; this results in the three terms X7, X5, and Xj.
Specifically, the bottom row of gw, is (B A C), and we will write gws in terms
of its Bruhat decomposition. There are three cases to consider:

Case 1: B # 0. Choose g to have invariants (A4, B, C,d, —¢C, —pC) with d =
(A,B),a=A/d, b= B/d, and pa+¢b =1, with p = —1(3), ¢ = 0(3). Then gw;
has invariants (B, 4, C,d, —pC, —¢C), so by Proposition 3.7 of [BFG],

1 —(a21B—a11A)/d G,ll/b
qug = 1 (Lgl/B
1

B 1 A/B C/B
w ~d/B 1 —pC/d |.
1/d 1
Since d|ag; B — a11. 4, we have

Xy = ] / / )y n(g)fs<w1<3 ~d/B l/d) (1 i pcc/ﬁl)

{4,B,C] 1
#0

(c/3)3 & gw
1 & & Y1y2
X 1 & Y2 >6(7‘§2)d§1,2,3-
1 1
d
“0=(5)(z)

Since x(g) depends only on A and C mod B, we let A,C run mod B, and thus

By (1.5) in [BH],

complete the integrals on & and &3, giving

WL 5 ()G

B#0 A C(B)
3|B

L JORH )

x e(réz)d€y,2,3
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-2 %, B @)

d/B 1 & &\ [nye
L )= EE) 7))

x e(réa)dé2,3
where

()

Note that I;(S7) = I;{r). Now we manipulate some matrices, in preparation for
applying the definition of I,. First,

1 & & 1 1 & &
Wa 1 &) =wy 1 & 1
1 1 1
1 &4 1 & &
= 1 Wy 1 ;
1 1
and by (4.6) of [BH],
(1 €2 '53) (yl?h ) (1 & §:’a) (!Jiyé )
Wy 1 Y2 = 1 & Y1
1 1 1 1

321

where
v = 1P'Q3,
vy = 1Q P,
& = —6,6Q 7,
= & + yilel® + vivd,
= |€2f* +41.

Now we use the above calculations and insert the definition of I,

x=3 3 (3)(g)rm

3|B d=(A,B)

/// (d/B p 1514{'651 Y192 y,ll)

C Ce/3 B 1

x e(réz)dé 2,3
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5 (o

/// |BI=3y1244) <<d2/B 1) (yé €1T§£>>6(T§2)d§17213_
C Cc/3

From (1.14) in [BH] we have the Fourier expansion
33
(0 1)

Inserting this expansion, we see that the integral over &; vanishes for all but the
“constant term.” Plugging in the definitions of 3] and y; gives

35VB§)ACZ (3) (& )et-rarmyaipre-s

/ / Y yz S e(réz)déa s

35‘”};)%3)( V(6 )etrarmatizre-

Z+s 25
3
"

Il
M

w B
UM‘

> (WK (4nlply)e(uz).

peATS

cc

/ / (1657 + 21l + )t (& +42) e(rea)deas.

The contribution of Case 1 is completed with this lemma
LEMMA:

/ / (&5 + 1216 + v22) (16 + o3) 3e(rta)deas
C C

(3591 (s

1_3 7r 4_3
[ el el iy = 5 T GBIl +ohd) T
2
C

Writing I(y;, y2) for the left side of the Lemma, applying the above formula, and
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then applying (3.3) we get

Iyn,w) = 5 / (216l +522) T F (16l +47) F elra)des

873 ¢
s 3
™ 2.3
= g‘%_g / (16 +47)° 7 e(réa)déa
2 3
C
7ry23_35r_1_0+35 ) 9 oy 2-3
=7 3,1 /(Ifﬂ +ri*yi)® P e(&)dés
2 3

as claimed.

Case 2: B =0, A # 0. We shall see that there is no no contribution from
this cell. Choose g to have invariants (A,0,C,—A,0,C), so gwy has invariants
(0,A,C,—A,C,0). By Proposition 3.5 of [BFG],

1 —ap1 * -1 1 —agy —aos
gwz = 1 0 }ws A 1 C/A
1 ~1/4 1

and by (1.5) in [BH],

so we have

S I .

axo (T/3)3

1 —ap —ags 1 & & Y1Y2
X 1 C/A 1 & Y2 )e(rfz)d&,z,s
1 1 1

("

axo (C/3)3 _l/A

1 & & Y1Y2

X 1 L+C/A Yo )e(T§2)d§1,2,3
1 1
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-1
= Z IS (U)5 ( A )
miéz ~1/4
1 & & Y192
X 1 & Y2 >6(7"§2)d§1,2,3-
1 1

We have the matrix identity:

-1 1 & &
Ws A 1 §1
( -1/A> 1)
-1 1 & 1 &
=8 -1/4 1 ws 1 &1

viy2 Y2bo yiye y2le
and ws y2 & | has coordinates y2/A & /A | where A% =

1 A
Y5 + [€1]% So
A
%= ()
A#0
c(A)

-1 VY2 Y2k2
///1(( ~1/4 )( va/A gl/A>)e(r@)d§1,2,3.
C/3cC/3 C A A

Replace y2€2 +y2€3/ A by &3, and note that the integral over £, vanishes, provided
reA730.

Case 3: A = B =0, C = 1. Choose g so that gws has coordinates
(0,0,1,0,0,1). Then,

1 & & Y1y2
X3=///Is ( 1 §11> ( Y2 1)) e(r§2)dé 2,3

(C/3)°

:/]/@w@w<“ ?)a%ﬂ@uﬁ

(€/3)3
= V3 () u3 K (drlyn),

by term-by-term integration of the Fourier expansion of §.
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Adding together the three cases gives Proposition 7TA.

Proof of Proposition 7B: Exactly mimicing the proof of Proposition 7A, we get

V3 v Qgr,O (T)

} 1 & & Yiy2 Y1T2 I3
= // ¢ | ws 1 & y1 o1 | | e(=r&)déi2s
(€/3)® 1 !

1 & & Y1y2
nfff 5l 557 )
({/'{;3/9:[/{,3,0] 1 1

x e(réy)déy 2,3

]

=X

bl

say. The sum g : [4, B,C] is over g € T'p(3)\I'(3), with (A B C) the bottom
row of g. The integers A, B, C satisfy (4, B,C) = 1, 3|(4, B}, and C = 1(3).
This specifies the coset of g, but not the specific matrix g. We choose g to have
invariants (A, B, C,¢B — A,d,C —pb), where d = (A4,C), a = A/d, b= B/d, and
pa — gc = 1. By (1.5) of [BH] this gives

Proceeding exactly as in Case 1 of the proof of Proposition TA, we first have

1 —(aglc—auA)/d *
gqwy = 1 *
1

(C’ ) (1 A/C B/C )
X Wy ~d/C 1 (C-pB)/d ).
1/d 1

Since d|ag; C — ay; A, we have

I 3 @ e,

(c/3)2 9:14,B.C]

1 A/C B/C 1 & & Y192
X 1 (C-pB)/d L & Y2 ) e(ré2)dé 2 3.
1 1 1
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‘We can complete the integrals on & and s, giving

-3, 5 () (e

C=1(3) 4,B(C)

// /Is(wl s L& g{j e | )

T Ce/3

x e(r€)d€1 23

The above integrals were evaluated in the proof of Proposition 7A. This finishes

the proof of Proposition 7B.
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