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ABSTRACT 

The main result in this paper is the explicit computation of the functional 
equation satisfied by the GL(3) Mellin transform of a twisted non-cuspidal 

metaplectic form of non-trivial level. For concreteness, we work with one 

particular metaplectic form, automorphic under F(3), although our meth- 
ods extend without change to any form automorphic with respect to F(p), 

p an odd prime. We clearly show the computations one must undertake in 
order to determine the :pole locations of this transform (which depend on 

the form in question), and carry out those straightforward computations 
in the case of our one specific form. 

This particular form, first considered by Bump and.Hoffstein [BH], is 
the maximal parabolic Eisenstein series on the cubic cover of CL(3) (in- 
duced from the the ta  function on the cubic cover of GL(2)), which has 
the remarkable property tha t  its Fourier coefficients are essentially Hecke 
cubic L-series. In joint work with Hoffstein, the authors have applied the 
main theorems in this paper to compute the average values of these Hecke 
cubic L-series, a result of great arithmetic interest. 
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1. I n t r o d u c t i o n  a n d  s t a t e m e n t  o f  t he  ma in  t h e o r e m s  

Let r denote the automorphic form constructed by Bump and Hoffstein [BH], 

which has the property that for n cubefree the arithmetic part of the Fourier 

coefficients of r satisfies 

al,~ = 1~2. ,Inl2(S-1)L(3-s, ~2 - 1, Xn2)L(3s - 1, X1)-1, 

where Xn: is the cubic residue character mod n 2. Our motivating application is 

the problem of obtaining average value estimates for the cubic L-series. We will 

approach this problem in two ways: (1) by trying to obtain a functional equation 

which can be exploited to yield information about L-series of the shape 

(1.1) 
E al, n 1 ,1 3 

N(n)~ 2 3 T L ( 2  s - 1' X1)-1 E 
n squarefree n squarefree 

1 11 3 = -~3TL(-~s - 1,X1) -1 

I n l 2 ( s - ' ) L ( ~ s  - 1,X~2 ) 
N(n) w 

L ( 3 s -  1,Xn~ ) 
E N(n)w-s+l 

n squarefree 

and translating analytic information about the behavior of (1.1) in the variable 

w (in terms of s) back into analytic information about the behavior of the cubic 

L-series; and (2) by constructing a Mellin transform (of an untwisted Eisenstein 

series) which can be used to construct a series similar to (1.1) but without the 

restriction that  we sum over only squarefree indices. 

In this paper we will make a major step towards the construction of (1.1), and 

complete the second objective entirely. We will obtain information about the 

analytic properties of the related Dirichlet series 

( q )  e(~--~)al'n e(~- '~aln 
(1.2) L w,  ~ - E N - ~ - " ~ ' : E n  n "~(~)w-;  \ q  ] ' ' 

where w' is just w - s + 1, and where we have supressed the dependence on 

s in our L-series notation. Our information will be in the shape of an explicit 

function equation, which reflects the series (1.2) into a sum of L-series of a related 

metaplectic form evaluated at various cusps. Once this evaluation is complete, a 

simple weighted sum of the series (1.2) as # and q vary will produce the desired 

Dirichlet series. 

If we specialize to the untwisted case # = 0, q = 1, then we also obtain the un- 

twisted Mellin transform mentioned above. This somewhat simpler construction 

has already been applied by Jeffrey Hoffstein and the authors [FHL] to obtain 

arithmetic results, cf. Remark 1, below. 
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The twisted Dirichlet series (1.2) may in fact be realized as a double Mellin 

transform; this is how we will proceed. In particular, we will prove below that  ((1 
/ / / E  r 
0 0 C n:~0 

1 xy t  t y~Wtzdxdt dy 
1 1 t y 

= G(w,  z )L (w ,  p /q)  

where 

and 

al ,ne(np/q)  
L(w,p/q)= (Nn)  

nr 

z )  = 

F (2V"---'~a)r ( - ~ ) r  ( - ~ ) P  (2--2w~+z--a)F (2-2w~-}-z-b)F (2-2~d-z-c) 
X 4F(2-2w+~) 

(Here, a, b, and c are functions of s, which we compute explicitly in the proof 

of Proposition 1.) In order to state our main results, we first suppose (without 

any loss of generality) that  # and q are relatively prime. We then have two main 

results concerning (1.2). They are subtlely different, according as to whether 

q --- 0 rood 3 or not. Throughout this paper, whenever we must distinguish 

between these two cases, we will exhibit (and, where illuminating, prove) two 

analogous results, using the naming convention "Result nA" when q is congruent 

to a root of unity rood 3, and "Result nB" when q - 0 mod 3. We have left the 

functional equations unspecialized (to the Bump-Hoffstein form), although the 

pole locations are specialized to this one specific form, cf. Remark 0. 

Some notation: We write (9 for the ring of integers of Q(x/~2-3). The sum 

~ ,  denotes a sum over n E ~-5(9, and N n  denotes the norm of n E (9. We 

put ~ = x/%--3, the different of (9, and we set V = 131/2 =volume(C/~(9).  The 

notation r and r  for the Fourier coefficients of r and w ,  for elements of 

the Weyl group, are as in [B], [BH] and [BH2]. 

MAIN THEOREM A: Suppose q is equivalent to a root o f  uni ty  rood 3, and -~ 

is the root o f  uni ty  so that  q~ - 1 rood 3. Withou t  loss of  generality, we may 

assume # - 0 rood 3. Then  L(w,  # /q)  converges for w with real part  sufficiently 

large, and has a meromorphic  continuation to all w with (possible) poles only 

1 Recalling the definition of  at the Iocations w = s - l,  w = s, a n d w =  - ~ s .  

al,n, this means  that  (1.2) has poles at w'  = O, w I = 1, and w p 4 = ~ -  ( ~ s - 1 ) .  
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Further, let ~(~-) denote the automorphic form defined by r  = r and 

let p~ be defined as in Lemma 4A, below, and p and B defined as in the proof of 

Lemma 6A, below. (In particular, #' depends on p in a fixed way, and p and B 

depend on the index a, below, in a fixed way.) Let eta denote a cube root of unity, 

depending on a in a fixed way (it is the image of the Kubota homomorphism on 

the coset depending on a, cf. Lemma 6A). Finally, let r = (a, ,~3q)/~3. Then we 

have the functional equation 

1 ( a - ~ # ' - n B ( a , ~ 3 q ) )  
e t~ a G(w, z)L(w,  p/q) - vg(A5q3) ~ )~3q 

aE(.')/~5q 2 

0 0 he0 1 t y 

MAIN THEOREM B: Suppose q =- 0 rood 3, # is equivalent to a root of unity mod 

3, and g is the root of unity so that p-fi -~ 1 rood 3. Then L(w, p/q) converges 

for w with real part sufficiently large, and has a meromorphic continuation to a11 
4 1 Further, w with (possible) poles only at the locations w = s - 1 and w = 5 - ~s. 

let r denote the automorphic form defined by r = r and let tt' be 

defined as in Lemma 4B, below, and p and B defined as in the proof of Lemma 

6B, below. (In particular, #~ depends on # in a fixed way, and p and B depend on 

the index a, below, in a fixed way.) Let na denote a cube root of unity, depending 

on a in a fixed way (it is the image of the Kubota homomorphism on the coset 

depending on a, cf. Lemma 6B). Finally, let r = (a, ;~3q)/)~a. Then we have the 

functional equation 

_ 1 ( _  a- f iP ' -nB(a"~3q))  n~ 
G(w, z)L(w, p/q) VN(Ahq3) ~ e ,~3q 

aE(9/Ahq 2 

x ~ ,~  t / r  y_2~t~ dt 
1 t y 

Remark  O: Our theorems simplify considerably in the case of a form of level 

1. In particular, in this case r is automorphie for the full modular group, so 

if we suppose (for this paragraph only) that  r is a cusp form of trivial level 

automorphic with respect to the full group over the rational integers and that  

q is prime, we obtain the much simpler (single, since both r  are the same!) 

functional equation 

-w ~ aq,n ~tW~ G(w)L(w,  #/q) = ql-3w ~ S(~' ,--n,  q)Ctl,n d(W) + q n ~  Inlw [ }' 
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where al,n are the coefficients of r where G is the Mellin transform of the 

Whit taker  function of r and where S is the classical Kloostermann sum. 

Remark  1: Theorem A, specialized to the case where # = 0, q = 0, and some 

straightforward analytic number theory yields the following result. This is the 

first non-trivial estimate of the average values of L-series of higher order residue 

symbols. 

THEOREM ([FHL, Main Theorem]): There exist non-zero constants cl(p) and 

c2(p) such that 

E 
n E -~-r O 
N(n)<X 

where O(p) is the fimction 

7 + 2 p - 2 p  2 ! < ~ ( p ) < l ;  
2(3 + 2p) ' 2 - - 

O(p) = ( 3 -  p)(5 - 4p) 1 < .~(p) < 1. 

and L*(p, Xn) is the Fourier coemcient al,n evaluated at s = [(p + 1). 

For a discussion of the interpretation of this theorem, and generalizations, we 

refer the reader to [FHL]. 

Remark 2: Main Theorems A and B cover seven of the nine congruence classes 

mod 3. By constructing a weighted sum of the Dirichlet series twisted by char- 

acters falling into these seven congruence classes, we may obtain a series which 

(in each term) differs from (1.1) by a power of 3, and reflects via the functional 

equation into a scattered sum of Mellin transforms of related automorphic forms. 

Theorems A and B may then be used to obtain a result similar to that  mentioned 

in Remark 1, but with an index of summation containing only squarefree indices, 

of. [FHL, Remark 1]. 

2. T h e  f u n c t i o n a l  e q u a t i o n  a n d  m e r o m o r p h i c  c o n t i n u a t i o n  

In this section we establish the functional equation and meromorphic continuation 

of our desired L-series (1.2). We begin by exhibiting a double Mellin transform 

which we may evaluate directly, and is equal to our (1.2) times a certain explicit 

gamma factor. 
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= a(w, z)L(w, #/q) 

where 

and 

al,~e(n#/q) 
L(~,./q) = ~ (gn)~ 

n r  

a ( w ,  z) = (2~) - 2 ~ - z - 2  

(~)~ (~)~ (~v~)~ (~ ~w o)~ (~ ~vz ~)~ (~ ~vz ~) 
x 4r(2-2w+ ~) 

Proof: Write F(w,z) for the left side of the Lemma, and put W(7) = 

1,1 ~J). We have 

F(w, z) 
= E al,n 

n#o 

o 0 c 1 

= ~nn W 1 
n r  0 0 C 

= n#O-- y~'al''e(n#/q)/f/(Nn) w o o C W (Ytxt 

=n(w,#/q)G(w,z), 

1 xt t y2~-2tZdx dtdy 
1 1 t y 

~ xt t y2W-2tZdx dt dy 
1 1 t y 

) y2W-2tzdxdt dy 
1 t y 

for some function G(w, z), the triple transform of the Whittaker function. 
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We turn now to the evaluation of G(w, z). Put  A = ~ [xl 2 Then 

yt 
W xt  t 

1 

= W  xt  t - x A  -1 A -1 
1 1 

1 1)) 

ytA-1 
) =~ (~yzx -~)  w tzx . 

1 

Thus 

o o c  1 t y  

t y 
o o 1 c 

I 2) for the integral on x above. Since Write I ( y , - 2 w + T z +  

e ( u + i v )  = exp(4~iu) 

we have 

I(y,  v) = (1 + u 2 + v2) ~' 
- - D O  - - ( 2 0  

dudv 

/ f = e 4 " r r i u y  1 

(1 + z2)~-~ d~ (1 + v~)~ 
- o o  - o o  

dv 

-- (27r)VYU-1 K . - 1  (41ry). 
r ( . )  

We used Euler's Beta-integral and [GR, 6.576.4] for the last step (cf. [B, Ch.X]). 
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This brings us to 

: r ( - 2 ~ +  ~ +2) w 
0 0 

t l ) K_2w+~+1(47ry)y~_ltzdt dyy 

O < 3 0 0  

(27r)-2~+~+2 f f Ka,b,c(47rt'47ry)K-2~+~ +1(47ry)(t2y)~+ldtdy 
-a2r  ( -2~ + ~ + 2) t y 

0 o 

2--2w+~--47r--2w-z--1 J j  
= 32F ( - 2 w +  ~z +2)  Ka'b'c(t'y)K-2w+~+l(y)(t2Y)~+ldtdYt y 

0 o 

= ( 2 ~ ) - 2  . . . .  2 

( ~ ) ,  (~v~)~ (~v--~)~ (~ ~+~ o)~ (~-~v~-~), (~ ~v~ ~) 
x 

4 r  (2 - 2w  + ~) 

The last step, and the notation (of a, b, and c), are from (1.2) of [B2]. In the 

case of a GL(3, C) Eisentein series with parameters Ul, u2, we have 

a = - u l - 2 u 2 + 2 ,  b = - u l + u 2 ,  and c = 2 u l + u 2 - 2  

(cf. [BF]). The parameters of the Bump-Hoffstein form are 

ul = s - 4/9 and u2 = 8/9 

(see [BH] for details). 

Now we exhibit the analytic continuation of L(w, #/q). This is accomplished 

by splitting up the integral (2.1) into pieces we can manage directly. Recall the 

fundamental relationship: 

~ r  = r  - r  
n#0  

where r satisfies ((1 X2 

1 Xl)) 
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We may decompose the domain of integration in (2.1) into two pieces, and 

further rewrite the integrand using the difference above, to obtain 

~1 ~0 fe ((I #/q ) E ~91 ,n xyt t 
n#o 1 ((1..)(.)) 

+ f / / c o  1 xyt t 
o o c 1 1 

0 0 c 1 t y  

=I1 + I2 - Ia, 

) Y wtZdxdt eY 
1 t y 

y2W tZ dx dt dy 
t y 

say. The integrand in I1 is of rapid.decay, so the integral is convergent for all 

values of w. The integrals /2 and /3 converge for w sufficiently large because 

each piece has polynomial growth as y --+ 0. We need only exhibit the analytic 

continuation of/2 and 13 to get the continuation of L(w, #/q). The easier integral 

is /3 ,  so we compute it first. The proof is deferred to later. 

PROPOSITION 2: If r C A-aO, then 

Cr,O(T) ~- T~-7~e(l'xl)y3-S y4-2SFl(S)[l(Yl 8) 
t 

where 

ii(y1,s)= / /  (l~312 + K212 + X) i-~s ( x/l~a12 + K212 +1) 
[&[2 + 1 K} 47rlrlm K2t 2 + 1 

CC 

) 
X e Yl 1 ~ 2 ~ 7 1 ]  d~2'3; 

Fl(s = E E (~) (~) e(TqA/d)T(rc/d2) .2 Cl+3s ; 
C-1(3) A,BmodC 

(A,B,C)=I 
A~B~_0(3) 
d2]X3rC 

and r(-) is the coet~cient of the cubic theta function studied by Patterson 
[P1, P2], whose properties are summarized in (1.15) of [BfI]. In particular, 

o o c 1 t y  

7r F 1 / = V-~ l (S ) (w- -sq-1) (~  - - 2 8 - - 3 )  rl(t's)t3-s+zd--tt" 
0 
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The last line of Proposition 3 provides the functional equation and meromor- 
phic continuation of/3. To determine the functional equation and meromorphic 
continuation of/2, we require two key steps completely analogous to the two key 
steps of Bump's formulas on GL(3, IR), [B, 8.5] and [B, 8.6]. In particular, we will 
prove the following two lemmas, whose proofs we defer to the next section�9 These 
two lemmas essentially yield Lemma 5, an expansion of the inner integrand in 

12. 
LEMMA 3: 

11)-) 
1 

VN(A5q 3) 

dx 

�9 ~ f / r 1 l ~1 7- e(-~l)dXd~l. 
a60/ASq2C/3q C/3q 2 1 1 

LEMMA 4A: Suppose (#,q) = 1 with 3[# and q equivalent to a root of unity 

rood 3. Let -q denote the root of unity such that q~ - 1 rood 3. Choose d and #' 

so that 3]#' and dq~ - ##'-q = 1. Then, 

(( ~ ~/q 
r 1 

aj.3q2)( , )) 
xyt t ~1 

1 1 ((1 
~-~) W 4 a-~/A3q 1 t 

1 

LEMMA 4B: Suppose (#, q) = 1 with 3Iq. Then # is equivalent to a root of unity 

mod 3. Let -fi denote the root of unity so that #-fi -- 1 rood 3. Choose d and #' 

so that 3]d, #' - 1 rood 3, and -dq-fi + #'#-fi = 1. Then, 

(1 ,/q 
r 1 y' )) xyt t ~1 

1 

( ' w2 a-~/A3q 1 
(xjq y 
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LEMMA 5A: Suppose (#, q) = 1 with 31# and q equivalent to a root of unity 

rood 3. With notation as above, we have 

1 xyt t dx 
1 1 

1 ~-, e (_a~#"~ 
VN(ASq3) ~ \ A3q ] aE(O/~Sq 2 ( x)(1 
�9 / ~ W 4 1 ~1 a-q/A3q 
(c/a)2 1 

1 
1 
) (ljy0q2 tjq 1)) 

xaV~ ~X<l. • -qgl+ Aa ) 

LEMMA 5B: Suppose (#,q) = 1 with 31q and # is equivalent to a root of unity 

mod 3. With notation as above, we have 

/ 10((1 1 xyt t dx 
1 1 

1 ~ e (_a~#"~ 

aE(.9/A5q 2 

( (1 1 x )  ( la_fi/A3q 
f ~ W2 ~1 

(c/3)2 1 
1)( ljy q2 tjq 1)) 

xa-fi~ dxd~l. • e --q~l + /~3 /] 

Remark: The proof of Lemma 5B is completely analogous to that of Lemma 
5A. We include below only the proof of Lemma 5A. 

Proof of Lemma 5A: Write Ic for the left side of Lemma 5A. Combining 
Lemmas 3 and 4A gives 

1 
VN(ASq 3) aE(O/)~Sq 2 

/ f ~w4 aq/A3q 
C/3q C/3q 2 

1 t 
1 

e(-~l )dxd~l. 
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It is easy to verify that 

1 
a~/A3q 

p'~q) (1/q~y ~q ) x/qo  
1 t = 

t ( 1 ~ .  q 1 

1 + aq/AZq'- q 
1 

Inserting this into the above equation and making the change of variables ~1 --+ 

q~l - xa/A3q 2 and x --+ -qq2x - Itl qq finishes the proof of Lemma 5. 

We now introduce the notation r which we will use interchangeably for the 

two automorphic forms defined by r = ~)(W4T) and r = r We use the 

first definition when discussing Main Theorem A, and the second when discussing 

Main Theorem B. In particular, we will use the notation r = q~(W4T) for the 

following discussion and what follows, until we have completed the proof of Main 

Theorem A. We will also restrict ourselves to the case when q is congruent to a 

root of unity mod 3, and 31#, until tile proof of Main Theorem A is complete. 

Since F(3) is normal in F(1), r is again an automorphic form, and has an 

expansion into terms of the form 

r  D 7- , m C A-30,  n 6 A-50,  A, B, C, D E (9, AD - BC = 1, 
1 

where p depends on A, B, C, D and COrn,n(7- ) satisfies ((1 
(2.2) ~ , n  1 Xl 7- = e(mxl + nx2)~Vm,n(7-). 

1 

See [BH2] for details. 

The next step is to replace r by its Fourier expansion. Most of the terms in 

the Fourier expansion of r will not contribute to the integral on the right hand 

side of Lemma 5. Indeed, the contribution of a given term is just 

(2.3) 

/ ~ , n  D 1 ~1 a~/A3q 1 t/q 
(c/3)2 1 1 1 1 

dxd ,. x e  - q ~ l +  A3 ] 
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LEMMA 6A: Under the hypotheses of Lemma 5A, the integral (2.3) is zero except 

possibly when 
m = (a ,  A3q)/A 3, 

C = -a-q/(a, A3q), 

D = )~3ql(a,/~3q). 

In particular, 

1 xyt t dx 
1 1 

VN( Sq3) 
aEO/ASq 2 1 

where r = (a, Aaq)/A3 and AAaq + Ba-~ = (a, Aaq), and p depends on a, q, 

and B. 

Proof: First  note  tha t  

C D 1 = 1 Cx Dr D 
1 1 

and thus (2.3) is equal to ((AB 
f r  C D 

(C/3) 2 
1)( 11)( 1)) 

The  integral  above will be  zero unless m D  -- q and m C  -- - a ~ / A  3. Recall  also 

t ha t  m E A-3(9, and C , D  E (9, and t ha t  ( C , D )  = 1. This  means  DIA3q. Fix 

such a D. Then  m = q/D and so 

C _ 

a 

a~D _ (a, A3q) D 

A3q q A3q 
(a,),3q) 

I t  is clear t ha t  a/(a, A3q) and A3q/(a, A3q) are relatively prime, and since C E (9, 

we mus t  therefore have A3q/(a, A3q) divides D. (Recall t ha t  ~ is a root  of unity!) 
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On the other hand, since (C,D) = 1, and since a/(a, A3q) E O, we must also 

have D divides A3q/(a, A3q). Thus we obtain a non-zero contribution only when 

D -- A3q/(a, A3q), which implies m = q/D = (a, A3q)/A 3, and C = -aD/A3q -- 
-a/(a,  A3q), as claimed. 

Now choose A, B such that  

A•3q + Ba~ = (a, ~3q). 

Then 

-a-O/(a, ~3q) ~3q/(a ' ~3q) a-~/~3q 1 
1 1 

= 1 ~3q/(a ' ~3q) . 

1 1 

Replace r by its Fourier expansion, omit those terms which we have shown to be 

zero, apply the above formula to the remaining terms, and use (2.2) to get the last 

statement in Lemma 6A. The Kubota symbol, ~a, appearing in the statement of 

the Lemma, comes from the Fourier expansion, cf. [BH2, (1.7)]. As we do not 

explicitly compute the Fourier coefficients of r at the various cusps in this paper, 

there is no reason to further evaluate this Kubota symbol. 

We are now able to compute the poles of the integral I2 which we defined in 

the discussion following Lemma 3. The individual Fourier coefficients in (2.4) 

with mn ~ 0 are of rapid decay in y as y -~ 0 so the partial Mellin transforms of 

these terms are entire in w. The poles arise from the partial Mellin transforms 

of the terms 

(2.5) Cp t/r r ~ 0  " 

t 

The multiplicity one theorem implies that P Cr,0 (~-) is a constant multiple of r  

and so the pole locations of the partial Mellin transforms of (2.5) are at most the 

same as the pole locations of the partial Mellin transforms of 

Cr,O ( r/yq3 t/r 1 ) "  

(Cancellation could occur in the calculation of the residues contributed by the 

various terms.) 
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PROPOSITION 7A: If r E ~-30, then 
Cr,0(T) = T ( - - r ) e ( r x l M + l y ~ S K 1  (4~lrlYl) 

5 _7__s _s_ 
+ e(rxl)f2(s)r-5+~y~ :y~ ~g~_~(47rIrlyl ) 

where 

( b ) ( , )  , F2(s) = z---~v-~,-~_- 2) ~ ~ -~ e(-rA/B)ldl~IBI �9 
4 ( ~ S - -  g ) r ( ~ s -  3 B#O n,C(s) 

a=(A,B) 

PROPOSITION 7B: Ifr E )~-3(.9, then 

_ ~r,O(T)--e(rxl)f3(8) 7' Yl Y2 K~s-g(47rlrly1) 

where 

Fa(s)  = 4 (3s  4 3 z E E 5 e(-rA/C)IdI~}Cl- -'~" 
-- ~ ) r ( ~ 8 -  ~') C----1(3) A,B(C) 

d=(A,C) 

We wish to compute  the poles of 

1 ~ (r/yq3 

0 0 

dy t/r y2~tz dt 
1 t y 

The  ma t r ix  in the integrand of (2.6) has Iwasawa coordinates  x I = 0, Yl = t/r, 
and Y2 = r2/ytq 3. Applying Proposi t ion 7A, we see tha t  we actual ly  want  to 

compute  the pole locations of 

[ ~ -  ) y q ~(47rt) 

0 0 

+ F2(s)t-1/3-S/2y~-a/3r4/aq3S-aK~s_~ (41rt)] y2~tz dtt dyy 

We obta in  poles at  w = s, and w = 4 /3  - s/2. Recall t h a t / 3  also had a pole 

at  w = s - 1. Recall now the R e m a r k  at  the beginning of this section. These  

three  poles are the poles of the Dirichlet series 

L(~s - 1,Xn2 ) 

n 

If  we set w'  = w - s + 1, then we have poles at  w' = 1, 7 /3  - 3s/2, and 0, as 

desired! This  is precisely the first assert ion of Main Theorem A. Main T h e o r e m  

B is similar, except  (cf. L e m m a  7B) we do not get a pole at  w = s. We now 

prove the  second assert ion in Main Theo rem A. 
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THEOREM 8A: Suppose q is equivalent to a root of unity mod 3. Using notation 
as above, we have the functional equation 

) Y2 t dxdt 
1 t y 

VN(A5@) _ _  ;~3q aEO/~5q 2 

• n t /r  1 y-2WtzdxdtdYt y 

Tile equality is meant in the sense of analytic continuation. 

Theorem 8A follows from Lemma 6A and this observation: suppose f(y) is a 

linear combination of powers of y and let 

] (30 

fo(w) = / f(y)yWdy and foo(W) = / f(y)yWdy, 
0 1 

initially defined for large and small w, respectively. Then the fimctions f0 and 

f ~  are meromorphic on C, and f0 = -fo~. 

The term 

/ ~)1,0 t dx 
c 1 

is a linear combination of powers of y, so the above observation applies. A similar 

statement holds for Cr,0. This is essentially the reason that no n = 0 terms appear 

in Theorem 8A. 

Proof of Theorem 8A: Express the equation in Lemma 6A as 

(2.7) Z f (y,t) = 

n n 
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We have 

(2.8) 

0(3  O 0  

= y t - - - -  

1 0 nr  y t 

CK) (X3 

t 
0 0 riCO 

1 oc 

J ~ Y '  )Y y t 
0 0 n 

1 oc 

t 
o o 

0 0 0 0  0 0 0 0  

= y , t  + g,~ y , t  
y t 

1 0 nr 1 0 n 
1 o~ 

y t 
0 0 

C ~  (:X) 0 < 3 0 0  

o nr Y 1 o ,~#0 y t 
o~ oo 1 oo 

+ ~0(y,t) y t u,t) y t 
1 0 0 0 

The first two integrals converge for all w, and by Propositions 2 and 7A the 

second two converge for w large, and have meromorphic continuation to all of C. 

Next we have, again by (2.7), 

o o  o o  

y t 

o o  o o  1 o o  

= I r E  Bn(y '~)y-2w~zdyd~ / f  
1 0 ~ 0  y T + Z g~(y't)~-~t~dydt y t 

0 0 n 

1 (2,o 

- go(y, t )Y t dy dt 
y t 

o o 
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(2.9) 

o o o o  o o o o  

= g=(Y'~)Y ~ y - - t  + f~(Y't)y2~t~ t 
1 0 n~=u 1 0 

1 o o  //,ol,.+>,-2++z+++ 
y t 

0 0 

= gn(y,t)y-2wtzd-~ yd t  
1 0 n#O y t + ~ o n#o f=(y,t)y2Wt~ dyy dtt 

o o  o o  1 oo  

1 0 0 0 

The first two integrals converge for all w, and by Propositions 2 and 7A the 

second two converge for w sufficiently small, and have meromorphic continuation 

to all C. By the remarks preceding this proof, the continuation of the right side 

of (2.8) equals the continuation of the right side of (2.9). This completes the 

proof of Theorem 8A, and so that of Main Theorem A. 

We now finish the proof of Main Theorem B. To begin, we now set the notation 

r = r and continue our previous work, beginning at the end of Lemma 

5B. We now restrict ourselves to the case where 31q and # is congruent to a root 

of unity rood 3. Again, r has a Fourier expansion; in this case the contribution 

of an individual term is just 

(2.9) 

/ r  D 
(c/3)2 1 

:11)(1 1 a-fi/A3q 
1 )(1.o+2 

1 +J+ 1)) 
xa-fi'~ dxd~l. X e --q~l -4- ~3 ) 

The following Lemma is proved exactly as is Lemma 6A. We do not include 

the proof here. 

LEMMA 6B: The integral (2.9) is zero except in the case when 

m = (a,)~3q)/)~3, 

C = -a-fi/(a,/k3q), 
D =  ~3q/(a, X3q). 
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Remark: Again, we will assume that  A and B are chosen so that 

A)~aq + Ba-q = (a, s 

The functional equation is given by the following Theorem. Its proof is identical 

to the proof of Theorem 8A; we do not include the proof here. 

THEOREM 8B: Using notation as above, we have the functional equation 

!i/..+1,. , x., .......,.. 
u o C nr 1 1 t y 

VN(ASq3) E e aE(:)l'kSq 2 ~3q 

oSoS~+:. ,,., ,- ".,, 
This completes the proofs of Main Theorem A and Main Theorem B. 

3 .  T h e  de fe r r ed  proofs  

We now exhibit the deferred proofs. 

Proof of Proposition 2: This proof closely follows Section 4 of [BH]. We compute: ((ix. ::)(.. )) 
r = r 1 Yl 

1 

Yly2 

= e(rxl)r Yl i I  
/ 

- -  V 3  r 1 41 yl 
(c/a)a 1 

""'" sis ( (1" '!) ('1" - VW Es wl 1 

(c/3v 

+'"iSS (('" - v ~  ~ ,<(g)s. 9 - ,  1 
(C/3)3 g:[A,B,C]I 

x e(-r~l)d~1,2,3 

. 1))el 
!)(,1... ,)) 
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where we have introduced the notation g : [A,B,C]I to indicate a sum over 

matrices g with invariants (A, B, C, -pA, -qA, d) such that (A, B, C) = 1, C = 

1(3), A = B =- 0(3), d = (B,C)  --- 1(3), b -- B/d, c = C/d, and pc + qb = 
1. (We also have, by abuse of notation, written d~1,2,3 for d~ld~2d~3. We will 
continue these notations throughout the remainder of this paper.) This exactly 

corresponds to summing over g C r~,(3)\r(3), where the bottom row of g, ~g, is 

(A B C), ( -pA - q A  d), respectively. From [BH (1.5)], we have 

Using [BH, (4.3)], and a change of variables, we get 

e(~x~) 

[A,B,Ch 

�9 ffljaj I~ - d / C  
(C/3)3 C 

YlY2 
x Yl 

~(~x~) 

[A,B,C]I 

f,s/i(( 
Yl Y~ 

• Yl  

(1 B,c A,c)( l 
Wl 1 qA/d 1 41 

1 

1))e(-r~l)d~l ,2,  3 

+A/C~ 
Wl 1 

1 ) ) e(-r~l)d~l,2,3 �9 
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We can let A and B run mod C, completing the integrals on 42 and ~3, giving 

e(rXl) 
C~1(3) A,BmodC 

(A,B,C)=I 
A~B------0(3) 

.e/f3 ef Cf Is ( (  d-1 - d / C  

(1 42 
w 1 1 

C 

X e( - r~ l )d41 ,2 ,3 .  

Now, ( d l )  (10 ) 
- d / C  W 1 ] 

C o) 
= w2 d -1 1 0 

C 1 
W4 

and as in [BH, p.497] 

(1 Yl Y2 
Yl 1 ) 

has coordinates 

where 
y~ = p-1Q~yl ,  

y~ = Q-1p�89 
4; = -~24aQ -1, 

2 2  2 2  
P = 1~31 ~ + I~l y~ + y~y2, 

Q : 1~21 ~ + y~. (_1 ) 
�9 Using these new coordinates, the left invariance of Is under w2 1 , 1 
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and the definition of I~, we get 

r 
~(r~i) 

V a C_=1(3) A,BmodC (A.B.C)=~ 
A~B~0(3) 

�9 

c c c/3 C 1 

x c(-r~l)d~L2,3 

0~.1(3) A,BmodC 
(A,B,C)=I 
A~B~0(3) 

c c c / ~  

(~1 + ~)d2/IC] ) e(-r~l)d~l,2,3. 

Inserting the Fourier expansion of 0, we get a contribution only if d2fl/C = r, 
that  is, # = rC/d  2 e (A-3). So, 

c-1(3) A,SmodC 
(A,B,C)=I 
A=--B------0(3) 

d2]A3rC 

�9 [Yl Y2) Y2 -g (47rlrlY;)e(~2)d~2,3 

c c 
e ( r X l ) ~ ,  \ / / [  t2 , , s  t 

- -  - ~  t i t s )  ~,Yl Y2) y2K�89 (47rlrly2)e(~2)d~2,a, 
c c 

d 2 
C1+3s 

say. To complete the proof, substitute the definitions of y~, y~, and ~ ,  and 

change variables ~2 ~ Y2~2, ~ ~ YlY2~a. 
Note: The above integral equals 

/ f  (r~3f ~ + I~?y~ + ~l~j 
I~12 + y~ c c  
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yt 
To complete the lemma, we note that xyt 

Yl = tA, 

Y2 = y /A  2, 

Xl : O, 

1 
has coordinates 

where A = V/1 + Ixl2y 2. 
variables x ~+ x/y,  t ~+ t /A,  we get 

1 

1 ~ ,  , f 2~_2s+2dy f 1 
13 ---- ~--~1'1 ~8) ] y T J (1 -}- [X12) -2-2s+z/2 

0 C 

Explicitly evaluating the first two integrals leads to the given result. 

Substituting into the above equation and changing 

oo 

dx / I1 (t, 8)t a-s+z dt.t 

o 

Proof  of Lemma 3: The proof will take several steps. We proceed directly 

through the computation, proving the necessary lemmas as needed. 

The first step is merely notational. Let ((1 )) 
(3.0) G(~-) = r 1 ~- . 

1 

Since r is automorphic under P(3), it follows easily that 

G 1 q~'l  7" = G ( T ) ,  

1 

for all nl ,  na E 30.  If M E Z, then the characters of C which are trivial on 

MO are exactly those of the form r = e(ma) with m C (AM)-IO,  so this set 

parametrizes the characters of the group C/MO. Putting M = 3 = -A 2 gives 

the Fourier expansion 

n l ~n3E A-30  

where 

1 ((1 ) 
c/3 C/3q 1 

Note that the definition of G ~  (z) is not completely analogous to that  of r  (~-). 

The notation involving G is local to this Lemma and should not cause any 

confusion. 
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LEMMA: 

Proof: We compute: 

+o((, 1)0 
ass ((,  3)(1 .,q )) =v-  ~ r 1 r 1 ~- e(-~l)d~,3 

C/3 C/3 1 1 

---- V---- ~ (b 1 T e ( -~ l )d~1 ,3  

c/3 c/3 

1 C  c I I x / q  1 ~3 
=V~ J J  4) 1 1 T e(-~1)dr  

C/3 C/3 1 1ii ((, 
= V----- ff G 1 ~1 T e ( - ~ l ) d ~ l , 3  

C/3 C/3 1 

1 I / ((1 ~ )  ) - V 2 N ( q )  G 1 7 e(-~l)d~l,3 
C13 C/3q 

=c~ 

as claimed. 

Now we begin the calculation. Write ](T, Ix~q) for the left side of the lemma. 
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(3.1) 

f__ G o +3mq 2 1 E 
m60c/3q2 J 

E / GO 3mq2 1 
mCOC/3q2 

mEOC/3q2 

1) 

Only the last step is unclear. It follows from this 

LEMMA: If m E 0 then 

G O 3mq 2 1 ~" _q 
1 

Proof: We compute: 

11/ / 
= f J f j G 1 mq 2 1 e(-~l)d~l,3 

C/3 C/3q 1 

= f y f y r  1 mq 2 1 e(-~l)d~l,3 
C/3 C/3q 1 1 

_- r  1 mq21 
c/3 C/3q 1 1 1 

• e(-~1)d~1,3 
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= y  y r f f mq 2 1 - # m q  1 1 ~1 7" 

c/3 C/3q 1 1 1 

x e( -~l  - mq2~3)d~l,3 

c/3 c/3q 1 1 

--~ f J f j C ~1 7- e ( - ~ l  ~ m q 2 ~ a ) d ~ l ~ 3  ~ 

C/3 C/3q 1 

= V2N(q)Gq q2 (~-). 

For the fifth equality we used the automorphy of r under F(3); this requires 

m E 30.  The other equalities are clear, proving the lemma. 

For the next step we will replace the sum of G3"~q2(~ -) by a sum of G~(7).  

Suppose m C A-10.  Then r  = e a is a character of O/ASq 2, which is 

trivial only if m E ,~2q20 = 3q20. Thus, 

(A-~q2)  { N('k5q2)' i fmc3q20 ,  
E e a --- 

a60/~Sq2 O, otherwise. 

It follows easily from the definition that 

(3.2) Gu m 1 ~- = e ~1 +m~3 Gum(T), 

so we have ((1 a 7) ) 
(3.3) E E G• 1 T 

aEO/ASq 2 mEA-30 

Combining (3.1) and (3.3) we get 

(3.4) 

I('r'#/q)-N()~Sq2 ) E 
a60/~5q2c/3q2 

= N('~5q2) E Gq 3q2m(~')" 
mEO 

dx. 

Now Lemma 2 follows immediately from (3.4) and the following 

((1 
m6X-30 1 
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LEMMA: 

Proof'. 

n3E )~-30 VN(G)  G 1 ~1 T c ( - ~ l ) d ~ l .  
c/3q 1 

We compute: 

e ( - ~ l ) d ~ l  

C/3q n:'n3 EA--30 1 

C/3q n:'n3CA-3(9 

=VN(q)  E Gq a('c)" 
n3 E)~-30 

The first step is just the Fourier expansion of G(~-), the second used (3.2), and the 

third follows because we are integrating a nontrivial character unless nl /q  = 1. 

Combine (3.4), (3.0), and the above Lemma to finish the proof of Lemma 3. 

Proof of Lemma 4A: By definition, r = r so all we do is apply this 

relation to the left side of tile equation in the Lemma. The rest of the proof 

involves using the automorphic properties of r to put things in the appropriate 

form. Write r for the left side of the Lemma. First note that  

xyt  t ~l = 1 1 - 1  . 
1 - 1  yt ] -1  

Using this equation and then applying the involution we have 

r =r  1 1 1 
-1  yt ] 

=r 1 1 1 
1 -1  yt / /  
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((1 1 )(lj  
--r 1 - # / q  1 

1 -1  

// =r w4 -a / )Oq 2 1 t ~1 �9 
- # / q  1 1 

t i)) 

If 7 �9 r(a) then ~(w4"yT) = ~(W4 T) because r hence (p, is invariant under 
F(3), and F(3) is a normal subgroup of F(1). We use this to fix up the matrices 
inside q~. Choose #' and d as in the statement of the Lemma. Then, 

d # ' )  
1 �9 r(3), 

#q qq 

so we have 

r = (~ ( w4 

: (~ (W4 

= ~ (~ 

1 a/A3q 2 1 
#-~ q-q~ - # / q  1 

a/Aaq 2 1 t 41 
q 1 

a-O/A3q I t , 

-)) t ~1 
1 

as clMmed. 

Proof of  Lemma 4B: As in the proof of Lemma 4A, we may use the definition 
r = r to obtain (writing r for the left side of the Lemma) 

.)) r 1 6 2  w4 -a /A3q 2 1 t 41 
- p / q  1 1 

= ~ ( ( a / ~ i q - 1  01) ( 1 / y  t ~aX))l " 

Choose #' and d as in the statement of the Lemma. Then, 

(1 ) 
~' d �9 r(3), 
q~ #~ 
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so we have 

((1 )(aj 3ql )l r  = $ ~' d , /q  
q# #P - 

1 :11) 
q-fi 

=~(w2 (a_fi/13q 1 #'~q) (l/q-fly 

) 
t 

x/q-~ ) 

as desired. 

Proof of Proposition 7A: We compute: 

v 3 " '~ ,0(~)  

( (1 1 
= fffjjj ~) W4 ~1 Yl 

(c/3)3 1 

= ~(~1) fff~ ~ ~4 ~1 
(c/3)a 1 

=e(rXl)g j g f [ ~w4 1 ~1 
(C/3)a 1 

( (1 1 = e(rxl) fff~ r ws ~1 
(c/3)3 1 

=e(rxl ) / / fEs  w2 e E1 
(c/3)a 1 

= e(rxl )  ( (1 
x . / / /  E ~(g)Is 1 ~1 

(C/a)a 9:[A,B,C] 1 
= e(rxl) (X1 + X2 + Xa), 

x3)) 
Xl e(-r~l)d~l,2,3 
1 

Yl 1)) e(-r~l)d~1,2,3 

Y2 1 ) ) e(r~2)d~l,2,3 

( ly2)) 
y2 e(r~2)d~1,2,3 

1 

say, where the last three terms come from the three cases described below. The 

sum g : [A,B,C] is over g C rp(3)\r(3), with (A B C) the bottom row ofg.  The 
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integers A, B, C satisfy (A,B,C) = 1, 3I(A,B),  and C -= 1(3). This specifies 

the coset of g, but not the specific matrix g. Our method of choosing g depends 

on which of A, B, C are nonzero; this results in the three terms X1, X2, and X3. 

Specifically, the bot tom row of gw2 is (B A C), and we will write gw2 in terms 

of its Bruhat  decomposition. There are three cases to consider: 

CASE 1: B r 0. Choose g to have invariants (A, B, C, d,-qC,-pC) with d = 

(A,B), a = A/d, b = B/d, and pa+ qb = 1, with p - -1(3) ,  q ~- 0(3). Then gw2 
has invariants (13, A, C, d,-pC,-qC), so by Proposition 3.7 of [BFG], 

g W  2 

1 --(a21B--  anA)/d au/b ) 
1 a21/B 

1 

wl -d /B 
(1 A/B C/B '~ 

l/d 1 -pC~d). 

Since dla21B - aliA, we have 

g:[A,B,C] 
(C/3) 3 seo 

3]B 

((. ) (, .,- .,-) 
n(g)I~ wl -d/B 1 pC/d 

1/d 1 

x 1 ~1 Y2 e(r~2)d~l,2,3. 
1 1 

By (1.5) in [BH], 

Since ~(g) depends only on A and C rood B, we let A, C run rood B, and thus 

complete the integrals on ~2 and ~a, giving 

3]B 

( (  ~ . )) 
1/d 1 1 

X e(r(2)d~l,2,3 
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B~O A , C ( B )  
3]B 

�9 f f f I s S  1/d 
c c c/3 B 

where 

W4 

• e(r~2)d~l,2,3 (_1) 
S =  1 

1 

Note tha t  Is(S~) = Is(~-). Now we manipulate  some matrices, in preparat ion for 

applying the definition of Is. First, 

W 4 1 ~1 
1 

and by (4.6) of [BH], 

(' ,1,)(1',',) = w4 1 1 
1 

= 1 W4 1 ; 
1 1 

1 ~3 YlY2 ' ~ 

= Y~ 1)  

where 
! 

Yl = Y2P-1Q �89 
1 1 I = ylQ- P~, Y2 

~ = - ~ 3 Q  -~, 

2 2 2 2 
P = I~1 = +y21GI +YlY2, 

Q = 1~2L ~ + yl  ~. 

Now we use the above calculations and insert the definition of Is: 

Br A,C(B) 
3[B d=(A,B) 

" / / / I s  l /d 
c c c / 3  B 

• e(r~2)d~1,2,3 
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13~0 A,C(B) 3113 

�9 

c c c/3 
1)( ~1-4- ~t2 ) ) 

From (1.14) in [BH] we have the Fourier expansion 

-- v y ~  + y ~ T(t~lKk(4~ll@)e(ttx). 
uEA -3 

Inserting this expansion, we see that the integral over ~1 vanishes for all but the 
"constant term." Plugging in the definitions of y~ and y~ gives 

X 1 -  
35V 

BTtO A,C(B) 

~,Yl Y2) e(T~2)d~2,3 

C C  

d _, 

B#O A,C(B) 
2 2 . ,2. 2 , �89  (I.C2 12 2 --2 "y~ yz ( l~al2+y2l(2l  +.~lY21 ~",' +Yl)  se(r~2)d~2,3. 

C C 

The contribution of Case 1 is completed with this lemma. 

L E M M A :  

([~a[ 2 +Ya[4il  +YlY2) klg2 +Y2)-~e(r~2)d~a,3 
C C  

38 2 5 38 - ~  - ~ + ~  s 3 8 7r(27r) r ~-~8 ~ -38 .  
= (_3-G--~r--~=3-y, yl y~ ~ 8 - ~  ( 4 0 0 , )  

Proof: We apply formulas (3.2) and (3.3) in [BH]. By (3.2), 

(1~312 + Y21~21 + t I 1 H 2 ]  %:t - -  3 8  

C 

2 2 4 3 2~ 2~ ~ - - ~ s  
4 (y21~21 + Y192) 
3 

Writing I(yl, Y2) for the left side of the Lemma, applying the above formula, and 
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then applying (3.3) we get 

. l  2 2 2 2 4  3 
71"_ (Y2[~21 -~- YlY2) "~-Ts ([~2[ 2 - [ - y 2 ) - ~  e ( r ~ 2 ) d ~  2 

- 3 s  

~Y~ f ( 1~21~ + y~)~ - ~ - z  - ~  e(~2)d~2 
7 s - ~  c 

~--3s _1__qo+3 s 2 3 

~ 2  ~ 3 f (1~27 + I~?y~) , - , s  ~(~2)d~ ~-- 4 S - -  
C 

~(2~)~-~r -~+~s ~ - ~ - 3 ~ K 3  ~ 
(~ -  ~)r(~-  ~) 

as claimed. 

CASE 2: B = 0, A r 0. We shall see that there is no no contribution from 

this cell. Choose g to have invariants (A, 0, C, - A ,  0, C), so gw2 has invariants 

(0, A, C, - A ,  C, 0). By Proposition 3.5 of [BFG], 

(la11 ) (1)(Xa22a23) 
gw2 = 1 w5 A 1 C / A  

- 1 / A  1 

and by (1.5) in [BH], 

so we have ((1 ) 
x~ : Z f . / f  Is w~ A 

A,c - 1 / A  A~0 (C/3) 3 

x 1 C / A  1 ~1 
1 

A,C - 1 / A  A~O (C/3) 3 

x 1 ~1 + C / A  
1 

Y2 1))e/r 2/d 123 

y2 
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= ~)cSc i  /I~(w5 ( -1 A - l lA) 

x 1 ~1 
1 

We have the matrix identity: 

YlY2 
Y2 1 ) ) e(r~2)d~l,2, 3" 

W5 
-1  A _IjA)( 1 

( -1 
= S -1/A A)( 1 ~3 

1 
) (1 2) 

w3 1 ~1 ; 
1 1 

YlY2 Y2~2 ) (YlY2 
and w3 Y2 ~1 has coordinates 

1 
y~ + Ki l l  So 

y2 /A  where A 2 = 

A#0 
C(A) 

iiS'~((-' 
Cl3 Cl3 c 

(YlY2 Y2~2 
-1/A y2/A 

A 

Replace y2~2 +y2~3/A by ~3, and note that the integral over ~2 vanishes, provided 
r E/~-30. 

CASE 3: A = B = 0, C = 1. Choose g so that gw2 has coordinates 
(0, 0, 1, 0, 0, 1). Then, ((1, 

x3 = fff... Is 1 Y2 
(C/3) 3 

:///,~1.~,.0(.1 ~1 ~) ~,~,~,~,,~ 
(c/3p 

3 s+l 2s = Y ~r(-r)y 1 Y2 g}(47rlrlyl), 

1))e(r~2)d~1,2, 3 

by term-by-term integration of the Fourier expansion of 0. 
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Adding together the three cases gives Proposition 7A. 

Proof  of Proposition 7B: Exactly mimicing the proof of Proposition 7A, we get 

V 3 w~ CT,o(,r) 

= / f f j j j  r W2 Yl :~1 e(-r~l  )d~l,2,3 
(c/3)3 1 1 

(C/3)3 g:[A,B,C] 1 

-- X,  

X e(r~2)d~1,2,3 

say. The sum g : [A,B,C] is over g E Fp(3)\F(3), with (A B C) the bottom 

row of g. The integers A, B, C satisfy (A , B ,C)  -- 1, 3](A,B), and C =- 1(3). 

This specifies the coset of g, but not the specific matrix g. We choose g to have 

invariants ( d,  B, C, qB - A, d, C - pb ), where d = (A, C), a = A/d,  b = B/d ,  and 

pa - qc = 1. By (1.5) of [BH] this gives 

Proceeding exactly as in Case 1 of the proof of Proposition 7A, we first have 

gW 4 ~-- 

1 - ( a 2 1 C - a , l A ) / d  * )  
1 * 

1 (c )(1Ale 
x wl - d / C  1 

1/d 

~/c \ 
(C- ;B) /d)  . 

Since dla21C - al iA,  we have 

= Wl - d / C  

(c/3)3 g:[A,B,C] 1/d 

• 1 ( c -  ; B ) / d  1 y2 1)) e(~2)d~1,2,3. 
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We can complete the integrals on 42 and 43, giving 

c-1(3) n,B(c) 

c cc /3  I / d  

• erred)a41,2,3. 

The above integrals were evaluated in the proof of Proposition 7A. This Knishes 

the proof of Proposition 7B. 
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